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Abstract: Let V be any shift-invariant subspace of square summable functions. We prove
that if for some A expansive dilation V is A-refinable, then the completeness property
is equivalent to several conditions on the local behaviour at the origin of the spectral
function of V , among them the origin is a point of A∗-approximate continuity of the
spectral function if we assume this value to be one. We present our results also in the
more general setting of A-reducing spaces. We also prove that the origin is a point of
A∗-approximate continuity of the Fourier transform of any semiorthogonal tight frame
wavelet if we assume this value to be zero.
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1 Introduction
A closed subspace V of L2(Rd) is called shift-invariant if for all f ∈ V and k ∈ Zd it
follows that f(· − k) ∈ V . For the theory of shift-invariant subspaces see [20], [4], [6], [24]
and the references therein. This kind of subspaces have been used extensively in many
areas of contemporary mathematics, as Approximation Theory, Finite Element Analysis
or Wavelet Theory.
In addition to translations we consider also dilations. We say that a linear map
A : Rd → Rd is an expansive dilation if A(Zd) ⊆ Zd and the modulus of all (complex)
eigenvalues is strictly greater than 1. Thus the associated dilation operator is defined by
DAf(x) = d
1
2
A f(Ax) for f ∈ L
2(Rd) ,
where dA = |det(A)|. The adjoint of A is denoted by A
∗.
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Let A denote henceforth an expansive dilation. A shift-invariant subspace V is called
A-refinable if V ⊆ DAV . Note that from the condition A(Z
d) ⊆ Zd it follows that DAV
is also shift-invariant.
Wavelets were introduced relatively recently, in the beginning of the 80’s and found
applications in diverse disciplines. One of the main tools for constructing wavelets are the
so called MRAs, introduced by Mallat and Meyer ([35], [36]). Extending this concept, in
[2] Baggett, Medina, and Merrill introduced the generalized multiresolution analyses. A
shift-invariant subspace V is said to generate an A-generalized multiresolution analysis
(A-GMRA) in L2(Rd) if it is A-refinable,
⋂
j∈ZD
j
AV = {0} and
⋃
j∈ZD
j
AV = L
2(Rd). The
subspace V is called the core subspace of the A-GMRA.
The study of A-refinable shift-invariant subspaces and their approximation properties
has attracted the interest of a great number of researchers in many areas at least in the
last thirty years. The cornerstone in this study is the so called completeness property:⋃
j∈Z
DjAV = L
2(Rd) .
This allow us to approximate the functions in L2(Rd) by elements in the dilates of the
shift-invariant subspace V . So many pages have been devoted to understand the nature
of this property, and eventually to characterize the subspaces which satisfy it.
In [29] can be found a brief review on the characterization of (frame) scaling functions,
which particularly include results on the completeness of singly-generated A-refinable
shift-invariant subspaces (we refer to [34], [19], [26], [33], [21], [30], [10], [11], [32], [12],
[29], [43]). See also [28] and [9] for finitely generated subspaces. In [22] a characterization
of completeness in the general case was established. Before presenting that we introduce
some definitions.
Given a shift-invariant subspace V we say that G = {φα}α∈I ⊆ V (I a set of indices)
is a tight frame generator of V if∑
α∈I
∑
k∈Z
| < f, φα(· − k) > |2 = ‖ f ‖2 ∀ f ∈ V ,
where <> and ‖ · ‖ denote respectively the usual inner product and norm in L2(Rd). It
is well known that every shift-invariant subspace has a tight frame generator (see [4]).
In this paper we adopt the convention that the Fourier transform of a function f ∈
L1(Rd) ∩ L2(Rd) is defined by
f̂(ξ) =
∫
Rd
f(x) e−2piix·ξ dx .
The characterization of completeness given in [22] is the following:
Theorem 1.1. Let V be an A-refinable shift-invariant subspace and G := {φα}α∈I a
tight frame generator of V . Then the following conditions are equivalent:
-
⋃
j∈ZD
j
AV = L
2(Rd);
2
- one has
lim
j→∞
∑
α∈I
|φ̂α(A∗−jξ)|2 = 1 a.e. ξ ∈ Rd .
We make some comments which arise from this result. Fixed a shift-invariant subspace
V and a tight frame generator G = {φα}α∈I of V , the expression
σV (ξ) =
∑
α∈I
|φ̂α(ξ)|2
is called the spectral function of V , and defines a locally integrable function on Rd which
does not depend on the chosen G, only on V . It was introduced by Rzeszotnik in [39] (see
also [41], [24]).
From all these characterizations we cited above one can extract the following conclu-
sion: the completeness property depends on the behaviour at the origin of the spectral
function of V .
In order to study the local behaviour of a function we introduce some concepts from
[10] which extend the classical notions of the density point of a measurable set and the
point of approximate continuity of a measurable function (see [37], [11]). Br denotes the
open ball in Rd of radius r > 0 around the origin.
Definition 1.2. Let E ⊆ Rd be a set of positive measure. We say that the origin is
a point of A-density for E if for all r > 0
lim
j→∞
|E ∩ A−jBr|
|A−jBr|
= 1 .
Definition 1.3. Let f : Rd −→ C be a measurable function. We say that the origin
is a point of A-approximate continuity of f if there exists E ⊆ Rd of positive measure
such that the origin is a point of A-density for E and
lim
x→0
x∈E
f(x) = f(0) .
We also say that f is A-locally nonzero at the origin if
lim
j→∞
|{x ∈ A−jB1 : f(x) = 0}|
|A−jB1|
= 0 .
That is, if the origin is a point of A-density for Supp(f) := {x ∈ Rd : f(x) 6= 0}.
Following [33], we make the following:
Definition 1.4. We say that E ⊆ Rd measurable is A-absorbing in Rd if for almost
every ξ ∈ Rd there exists a positive integer j0 (possibly dependent on ξ) such that A
jξ ∈ E
if j ≥ j0.
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This notion was used in [33] for characterizing scaling functions in the dyadical case
on the real line.
We summarize the known characterizations of scaling functions in L2(Rd) in the follow-
ing way: let ϕ ∈ L2(Rd) and consider the corresponding principal shift-invariant subspace
V generated by the shifts of ϕ. Define φ ∈ L2(Rd) given by
φ̂(ξ) :=
{
ϕ̂(ξ)
[ϕ̂,ϕ̂]
1
2 (ξ)
if [ϕ̂, ϕ̂](ξ) 6= 0
0 elsewhere
,
where [ϕ̂, ϕ̂](ξ) :=
∑
k∈Zd |ϕ̂(ξ+ k)|
2. In [20] was proved that φ is a tight frame generator
of V . Thus, note that the spectral function of V is σV (ξ) = |φ̂(ξ)|
2. Suppose that V is
A-refinable. This was shown in [30] and [11] to be equivalent to the existence of some
m ∈ L∞(Td), called low-pass filter, such that
(1) φ̂(A∗ξ) = m(ξ) φ̂(ξ) a.e. ξ ∈ Rd .
Theorem 1.5. The following conditions are equivalent:
-
⋃
j∈ZD
j
AV = L
2(Rd) ;
- one has
⋃
j∈ZA
∗j(Supp(ϕ̂)) = Rd, or equivalently
⋃
j∈ZA
∗j(Supp(φ̂)) = Rd ;
- for any bounded set E of positive measure
lim
j→∞
1
|A∗−jE|
∫
A∗−jE
|φ̂(ξ)|2 dξ = 1 ;
- the set Supp(φ̂) is A∗−1-absorbing in Rd;
- limj→∞ |φ̂(A
∗−jξ)| > 0 for almost every ξ ∈ Rd;
- limj→∞ |φ̂(A
∗−jξ)| = 1 for almost every ξ ∈ Rd;
- |φ̂| is A∗-locally nonzero at the origin;
- the origin is a point of A∗-approximate continuity of |φ̂(ξ)| if we put |φ̂(0)| = 1.
For a proof of the different equivalences in the above result we refer to [34], [19], [26],
[33], [21], [30], [10], [11], [32], [12], [29], [43].
In this paper we prove the following result about the characterization of completeness
property, which includes Theorem 1.1 and generalizes all the above-cited results.
Theorem 1.6. Let V be an A-refinable shift-invariant subspace. Then the following
conditions are equivalent:
-
⋃
j∈ZD
j
AV = L
2(Rd) ;
- if G generates V in the sense that the linear span of the shifts of G is dense in V ,
then
⋃
φ∈G
⋃
j∈ZA
∗j(Supp(φ̂)) = Rd ;
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- for any bounded set E of positive measure
lim
j→∞
1
|A∗−jE|
∫
A∗−jE
σV (ξ) dξ = 1 ;
- the set Supp(σV ) is A
∗−1-absorbing in Rd;
- limj→∞ σV (A
∗−jξ) > 0 for almost every ξ ∈ Rd;
- limj→∞ σV (A
∗−jξ) = 1 for almost every ξ ∈ Rd;
- σV is A
∗-locally nonzero at the origin;
- the origin is a point of A∗-approximate continuity of σV if we put σV (0) = 1.
The previous theorem provides us with a set of different conditions on the spectral
function, all of them equivalent to the completeness property of an A-refinable shift-
invariant subspace V . However, if V does not satisfy the completeness property does not
mean that it is useless for approximating functions. This more general situation has been
considered in many papers ([34], [17], [33], [16], [31], [23], [13], [14], [15], [32], [29], [43]).
We will say that a shift-invariant subspace H of L2(Rd) is an A-reducing space if
DAH = H . It is easy to see that, if V is an A-refinable shift-invariant subspace, then⋃
j∈ZD
j
AV is an A-reducing space. In this way, A-reducing spaces arise naturally in the
study of the dilates of shift-invariant subspaces. Apart from L2(Rd), the first A-reducing
space considered in this context was the Hardy space H2 on the real line, with dyadic
dilations (see [25], [1], [26], [27]). It is known that the A-reducing subspaces of L2(Rd)
have the following form
H2G = {f ∈ L
2(Rd) : Suppf̂ ⊆ G}
for some G ⊆ Rd, where G is an A∗-invariant measurable set. Here A∗-invariant means
that A∗G = G (see [14], [29]).
Fixed an A∗-invariant set G, a shift-invariant subspace V is said to generate an A-
generalized multiresolution analysis (A-GMRA) in H2G if it is A-refinable,
⋂
j∈ZD
j
AV =
{0} and
⋃
j∈ZD
j
AV = H
2
G (see [2]). In this note we will study the completeness property⋃
j∈Z
DjAV = H
2
G .
In section 2 we develope some tools which will be necessary in the following sections. In
section 3 we provide several characterizations which generalize Theorem 1.6. For a review
on the intersection property
⋂
j∈ZD
j
AV = {0} we refer to [5]. In section 4 we make some
related comments on the local behaviour of the Fourier transform of the multiwavelets.
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2 Tools
In this section we develope some tools which will be necessary in the following sections.
We summarize some properties of the spectral function in the next proposition (see [6],
[24]). We use the symbol ⊕ for orthogonal direct sums of subspaces.
Proposition 2.1. Let V, {Vn}
∞
n=1 be shift-invariant subspaces of L
2(Rd), and G an
A∗-invariant set. Then the following properties hold.
(i) σL2(Rd) = 1 and σ{0} = 0 a.e.;
(ii) If V =
⊕∞
n=1 Vn, then σV =
∑∞
n=1 σVn;
(iii) Assume V1 ⊆ V . Then σV1 ≤ σV a.e., and σV1 = σV a.e. if and only if V1 = V ;
(iv) σH2
G
= χ
G
and V ⊆ H2G if and only if σV ≤ χG a.e.;
(v) 0 ≤ σV ≤ 1 a.e.;
(vi) If F ⊆ V generates V , then
(2) Supp(σV ) =
⋃
φ∈F
Supp(φ̂) ;
(vii) The spectral function of the shift-invariant subspace DAV is
σDAV (ξ) = σV (A
∗−1ξ) a.e. .
Proof. The proof of (i), (ii), (iii), (v) and (vii) can be found in [6]. We prove (iv).
Firstly, if for any integer m we define φm by the identity φ̂m := χ([0,1)d+m)∩G, we have
φm ∈ H2G. It is easy to see that {(φ
m(· − k))̂}k,m∈Zd is a tight frame of L
2(G) (note that
(φm(· − k))̂(ξ) = e−2piik·ξχ([0,1)d+m)∩G(ξ)) so {φm}m∈Zd is a tight frame generator of H2G.
Thus
σH2
G
(ξ) =
∑
m∈Zd
|φ̂m(ξ)|2 =
∑
m∈Zd
χ([0,1)d+m)∩G(ξ) = χG(ξ) .
If V ⊆ H2G, by (ii) we have σV (ξ) ≤ χG(ξ) for almost every ξ ∈ Rd. Reciprocally, if G is
a tight frame generator of V and σV (ξ) ≤ χG(ξ), then any φ ∈ G satisfies φ̂(ξ) = 0 for
almost every ξ /∈ G. Consequently any f ∈ V is in H2G, so V ⊆ H
2
G. This proves (iv).
For (vi) firstly note that (2) is obvious if F is a tight frame generator of V . Then it
is enough to remark that if f is in the linear span of the shifts of elements in F , then f̂
is a sum of products of trigonometric polynomials times the Fourier transforms of these
elements. Consequently Suppf̂ is included in the right side of (2). This easily implies
that for any F this set coincides.
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One can see that {φα(j,k) := d
j
2
A φ
α(Aj ·−k) : k ∈ Zd, α ∈ I} is a tight frame of DjAV for
all j ∈ Z (see [6]). Furthermore, if we denote by Pj the orthogonal projection operator
on DjAV for any integer j, we have
(3) Pjf =
∑
α∈I
∑
k∈Zd
< f, φα(j,k) > φ
α
(j,k) for all f ∈ L
2(Rd) .
In [29] some generalizations of Definitions 1.2 and 1.3 were introduced. They allow us
to deal with the general case in A-reducing spaces. Fix an A-invariant set G.
Definition 2.2. Let E ⊆ Rd be a set of positive measure. We say that the origin is
a point of (G,A)-density for E if for all r > 0
lim
j→∞
|E ∩G ∩ A−jBr|
|G ∩A−jBr|
= 1 .
It is easy to prove that if F ⊆ Rd measurable is such that there exist r1, r2 ∈ R with
0 < r1 < r2 <∞ and Br1 ⊆ F ⊆ Br2, then the origin is a point of (G,A)-density for E if
and only if
lim
j→∞
|E ∩G ∩ A−jF |
|G ∩A−jF |
= 1 ,
or equivalently
lim
j→∞
|(Rd \ E) ∩G ∩ A−jF |
|G ∩A−jF |
= 0 .
Note that if we put G = Rd in the above definition we recover Definition 1.2: that is, the
origin is a point of A-density for E.
Definition 2.3. Let f : Rd −→ C be a measurable function. We say that the origin
is a point of (G,A)-approximate continuity of f , if there exists E ⊆ Rd of positive measure
such that the origin is a point of (G,A)-density for E and
lim
x→0
x∈E
f(x) = f(0) .
We also say that f is (G,A)-locally nonzero at the origin if
lim
j→∞
|{x ∈ G ∩ A−jB1 : f(x) = 0}|
|G ∩ A−jB1|
= 0 .
That is, if the origin is a point of (G,A)-density for Supp(f).
Similarly, if we put G = Rd in this definition then we will take that the origin is a point
of A-approximate continuity of f , and f is A-locally nonzero at the origin, respectively.
The following characterizations of approximate continuity hold:
Lemma 2.4. Let f : Rd −→ C be a measurable function, and F ⊆ Rd measurable such
that there exist r1, r2 ∈ R with 0 < r1 < r2 <∞ and Br1 ⊆ F ⊆ Br2. Then the following
conditions are equivalent:
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(i) the origin is a point of (G,A)-approximate continuity of f ;
(ii) for all ε > 0
lim
j→∞
|{x ∈ G ∩ A−jF : |f(x)− f(0)| < ε}|
|G ∩A−jF |
= 1 ;
(iii) for all ε > 0 there exists a positive integer j0 such that for all j ≥ j0
|{x ∈ G ∩A−jF : |f(x)− f(0)| ≥ ε}|
|G ∩ A−jF |
< ε .
Proof. (i)=⇒(ii) We suppose that the origin is a point of (G,A)-approximate continuity
of f , so there exists a measurable set E ⊆ Rd such that
lim
j→∞
|E ∩G ∩ A−jF |
|G ∩A−jF |
= 1 and lim
x→0
x∈E
f(x) = f(0) .
Thus, if we fix ε > 0 and ε˜ > 0, there exist δ > 0 and a positive integer j1 such that for
all j ≥ j1 and x ∈ Bδ ∩ E
1−
|E ∩G ∩ A−jF |
|G ∩A−jF |
< ε˜ and |f(x)− f(0)| < ε .
Since A is an expansive dilation, there exists a positive integer j2 such that for all j ≥ j2
one has A−jBr2 ⊆ Bδ, so G ∩A
−jF ⊆ A−jBr2 ⊆ Bδ. Consequently, if x ∈ E ∩G ∩A
−jF
one has |f(x)−f(0)| < ε. This implies E∩G∩A−jF ⊆ {x ∈ G∩A−jF : |f(x)−f(0)| < ε}.
Finally, if j ≥ j0 := max{j1, j2} one has
1−
|{x ∈ G ∩A−jF : |f(x)− f(0)| < ε}|
|G ∩ A−jF |
≤ 1−
|E ∩G ∩ A−jF |
|G ∩A−jF |
< ε˜ .
As ε˜ is arbitrary, one gets (ii).
(ii)=⇒(iii) Fix ε > 0, ε˜ > 0. From (ii) we know that there exists a positive integer j0
such that for all j ≥ j0
1−
|{x ∈ G ∩ A−jF : |f(x)− f(0)| < ε}|
|G ∩ A−jF |
< ε˜ .
Then
|{x ∈ G ∩ A−jF : |f(x)− f(0)| ≥ ε}|
|G ∩A−jF |
=
=
|G ∩ A−jF |
|G ∩ A−jF |
−
|{x ∈ G ∩ A−jF : |f(x)− f(0)| < ε}|
|G ∩A−jF |
< ε˜ .
Choosing ε˜ = ε one gets (iii).
(iii)=⇒(i) Suppose (iii), and for any positive integer n make ε := 2−n−1 > 0. Then
there exists a positive integer jn such that for all j ≥ jn
|{x ∈ G ∩ A−jF : |f(x)− f(0)| ≥ 2−n−1}|
|G ∩ A−jF |
<
1
2n+1
.
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Note that {jn}
∞
n=1 can be taken strictly increasing. Define for any n
Fn := {x ∈ G ∩A
−jnF : |f(x)− f(0)| ≥ 2−n−1} .
We recall we have |Fn|
|G∩A−jnF |
< 2−n−1. Set now
E := (G ∩ F ) \
∞⋃
n=1
Fn .
The set E is evidently measurable. It is not empty also, as
|E|
|G ∩ F |
≥ 1−
|
⋃∞
n=1 Fn|
|G ∩ F |
≥ 1−
∞∑
n=1
|Fn|
|G ∩ F |
≥
≥ 1−
∞∑
n=1
|Fn|
d−jnA |G ∩ F |
= 1−
∞∑
n=1
|Fn|
|G ∩A−jnF |
> 1−
∞∑
n=1
1
2n+1
=
1
2
.
Since A is an expansive dilation, there exists a positive integer j0 such that A
−jF ⊆ F
if j ≥ j0. Fixed j ≥ max{j0, j1}, let n be a positive integer satisfying jn ≤ j < jn+1. One
has
⋃n
m=1 Fm ⊆ {x : |f(x)− f(0)| ≥ 2
−n−1}, so
|(Rd \ E) ∩G ∩A−jF |
|G ∩ A−jF |
≤
|(
⋃∞
m=1 Fm) ∩G ∩ A
−jF |
|G ∩A−jF |
≤
≤
|(
⋃n
m=1 Fm) ∩G ∩ A
−jF |
|G ∩ A−jF |
+
|(
⋃∞
m=n+1 Fm) ∩G ∩ A
−jF |
|G ∩A−jF |
≤
≤
|{x ∈ G ∩A−jF : |f(x)− f(0)| ≥ 2−n−1}|
|G ∩ A−jF |
+
∞∑
m=n+1
|Fm ∩G ∩A
−jF |
|G ∩A−jF |
<
<
1
2n+1
+
∞∑
m=n+1
|Fm|
|G ∩A−jmF |
<
1
2n+1
+
∞∑
m=n+1
1
2m+1
=
1
2n
−−−→
j→∞
0 .
This is equivalent to the fact that the origin is point of (G,A)-density for E.
Finally let n0 be a positive integer such that 2
−n0−1 < ε, and δ > 0 such that Bδ ⊆
A−jn0Br1, so Bδ ⊆ A
−jn0Br1 ⊆ A
−jn0F . Thus, if x ∈ E ∩ Bδ then x ∈ G ∩ A
−jn0F and
x /∈ Fn0 , so |f(x)−f(0)| < 2
−n0−1 < ε. This proves that limx→0
x∈E
f(x) = f(0), so the origin
is a point of (G,A)-approximate continuity of f .
The following lemma is proved in the same way as the corresponding result in [40].
Lemma 2.5. Let f : Rd −→ C be a measurable function. If one has
lim
j→∞
f(A−jx) = f(0) for a.e. x ∈ G
then the origin is a point of (G,A)-approximate continuity of f . On the other hand, if
the origin is a point of (G,A)-approximate continuity of f then there exists an increasing
sequence of positive integers {jk}
∞
k=1 such that
lim
k→∞
f(A−jkx) = f(0) for a.e. x ∈ G .
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Proof. Suppose limj→∞ f(A
−jx) = f(0) for almost every x ∈ G and pick ε > 0. We define
for any positive integer j
Fj := {x ∈ G ∩B1 : |f(A
−jx)− f(0)| < ε}
and
Ej :=
⋂
k≥j
Fk = {x ∈ G ∩ B1 : |f(A
−kx)− f(0)| < ε for all k ≥ j} .
By definition {Ej}
∞
j=1 is increasing and lim infj→∞ Fj =
⋃∞
j=1Ej = limj→∞Ej . From
our hypothesis we see that for almost every x ∈ G ∩ B1 there exists a positive integer
j0 such that for all j ≥ j0 |f(A
−jx) − f(0)| < ε. Thus |G ∩ B1 \
⋃∞
j=1Ej| = 0, so
limj→∞ |Ej| = |
⋃∞
j=1Ej| = |G ∩ B1| and finally
1 ≥
|{x ∈ G ∩A−jB1 : |f(x)− f(0)| < ε}|
|G ∩ A−jB1|
=
|Fj|
|G ∩B1|
≥
|Ej|
|G ∩ B1|
−−−→
j→∞
1 .
By Lemma 2.4 the origin is a point of (G,A)-approximate continuity of f .
On the other hand, suppose that the origin is a point of (G,A)-approximate continuity
of f . By Lemma 2.4 for any r > 0, ε > 0 one has
|{x ∈ G ∩A−jBr : |f(x)− f(0)| < ε}|
|G ∩ A−jBr|
=
=
|{x ∈ G ∩ Br : |f(A
−jx)− f(0)| < ε}|
|G ∩Br|
−−−→
j→∞
1 ,
so |{x ∈ G ∩ Br : |f(A
−jx) − f(0)| ≥ ε}| −−−→
j→∞
0. This is equivalent to the fact that
f(A−j·) −−−→
j→∞
f(0) in measure on G ∩Br for all r > 0.
Applying the Riesz theorem for any positive integer r we can find an increasing sub-
sequence {jrk}
∞
k=1 of positive integers in such a way that {j
r
k}
∞
k=1 ⊆ {j
r−1
k }
∞
k=1 for all r and
such that f(A−j
r
kx) −−−→
k→∞
f(0) for almost every x ∈ G ∩ Br. Using Cantor’s diagonal
method of election we obtain that f(A−j
k
kx) −−−→
k→∞
f(0) for almost every x ∈ G.
3 Completeness property
We present now several characterizations of the completeness property of A-refinable
shift-invariant subspaces. They generalize Theorem 1.1 and all the above-cited results on
characterization of (one or several) scaling functions. As a corollary one obtains Theorem
1.6, simply considering the case G = Rd.
Theorem 3.1. Let V be an A-refinable shift-invariant subspace and assume that G
generates V . Then
⋃
j∈ZD
j
AV = H
2
G, where
(4) G :=
⋃
j∈Z
A∗j(Supp(σV )) =
⋃
φ∈G
⋃
j∈Z
A∗j(Supp(φ̂)) .
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Proof. Firstly note that G is obviously an A∗-invariant set, and (4) follows from (2).
Clearly
⋃
j∈ZD
j
AV is A-reducing, so equals H
2
G˜
for some A∗-invariant set G˜. Evidently
G ⊆ G˜. Let Pj be the orthogonal projection operator on D
j
AV for any integer j. It is
easy to see that Pjf −−−−→
j→+∞
f in L2(Rd) for all f ∈ H2
G˜
. We note that for any j ∈ Z and
f ∈ H2
G˜
Pjf is supported on G (see formula (3)). Hence we deduce from this that G˜ ⊆ G,
and we get that G = G˜.
Now we present another characterization, but before that we introduce a new notion.
Following Definition 1.4, we say that a measurable set E ⊆ Rd is A-absorbing in G if for
almost every ξ ∈ G there exists a positive integer j0 (possibly dependent on ξ) such that
Ajξ ∈ E if j ≥ j0.
The following comment will be of importance in what follows. From the A-refinability
of V and Proposition 2.1 we deduce that
σV (A
∗−1ξ) = σDAV (ξ) ≥ σV (ξ) for a.e. ξ ∈ R
d .
Hence, the sequences {σV (A
∗−jξ)}∞j=1 are non decreasing, and consequently convergent
for almost every ξ ∈ Rd (recall that the spectral function is bounded above by 1). Note
that in the so called principal case (the tight frame generator has only one member φ)
this monotony property follows from the scaling equation (1), since the low-pass filter m
satisfies |m(ξ)| ≤ 1 for almost every ξ ∈ Rd.
Applying this fact and Theorem 3.1 thus we are able to prove the following:
Theorem 3.2. Let V 6= {0} be an A-refinable shift-invariant subspace and G ⊆ Rd
an A∗-invariant set of positive measure such that Supp(σV ) ⊆ G. Then the following
conditions are equivalent:
(a)
⋃
j∈ZD
j
AV = H
2
G;
(b) the set Supp(σV ) is A
∗−1-absorbing in G;
(c) limj→∞ σV (A
∗−jξ) > 0 for almost every ξ ∈ G.
Proof. First of all, by Theorem 3.1 we have
⋃
j∈ZD
j
AV = H
2
G˜
for the A∗-set
G˜ :=
⋃
j∈Z
A∗j(Supp(σV )) .
As Supp(σV ) ⊆ G and G is A
∗-invariant, we clearly have G˜ ⊆ G.
If we start from (b), for almost every ξ ∈ G there exists an integer j0 such that
σV (A
∗−jξ) > 0 for j ≥ j0. Then ξ = A
∗j0A∗−j0ξ ∈ A∗j0(Supp(σV )) ⊆ G˜. This proves
G ⊆ G˜ and also (a).
Analogously, from (c) we know that for almost every ξ ∈ G there exists an integer j
such that σV (A
∗−jξ) > 0. Then ξ = A∗jA∗−jξ ∈ A∗j(Supp(σV )) ⊆ G˜. This proves G ⊆ G˜
and also (a).
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Reciprocally, if we suppose (a) by Theorem 3.1 we have (4). Thus, for almost every
ξ ∈ G there exist η ∈ Supp(σV ) and an integer j0 such that ξ = A
∗j0η. From the
comment above we deduce that σV (A
∗−jξ) = σV (A
∗j0−jη) ≥ σV (η) > 0 for all j ≥ j0, so
limj→∞ σV (A
∗−jξ) ≥ σV (η) > 0. We have shown (b) and (c).
Note that condition Supp(σV ) ⊆ G is a very natural one. If we suppose |Supp(σV ) \
G| > 0 then the result is obviously false. The following characterization gives some
additional information about the behaviour of the spectral function at the origin. In fact
it expresses some kind of normalization at the origin.
Theorem 3.3. Let V 6= {0} be an A-refinable shift-invariant subspace and G ⊆ Rd
an A∗-invariant set of positive measure such that Supp(σV ) ⊆ G. Then the following
conditions are equivalent:
(a)
⋃
j∈ZD
j
AV = H
2
G ;
(b) for any bounded E ⊆ G of positive measure one has
lim
j→∞
1
|A∗−jE|
∫
A∗−jE
σV (ξ) dξ = 1 .
Proof. Suppose (a) and pick E as in (b). Define f ∈ H2G such that f̂ := χE and let
G = {φα}α∈I be a tight frame generator of V . Since A
∗ is an expansive dilation and E is
bounded, there exists a positive integer l such that for all j ≥ l A∗−j(E) ⊆ [−1
2
, 1
2
]d, and
using the fact that {φα(j,k) := d
j
2
A φ
α(Aj · −k) : α ∈ I, k ∈ Zd} is a tight frame of DjAV by
(3) we have
‖Pjf ‖
2 =
∑
α∈I
∑
k∈Zd
| < f, φα(j,k) > |
2 =
∑
α∈I
∑
k∈Zd
| < f̂, φ̂α(j,k) > |
2 =
=
∑
α∈I
∑
k∈Zd
∣∣∣∣d− j2A ∫
Rd
f̂(ξ) e2piik·A
∗−jξ φ̂α(A∗−jξ) dξ
∣∣∣∣2 =
=
∑
α∈I
∑
k∈Zd
∣∣∣∣d j2A ∫
Rd
f̂(A∗jη) e2piik·η φ̂α(η) dη
∣∣∣∣2 =
= djA
∑
α∈I
∑
k∈Zd
∣∣∣∣∫
A∗−jE
φ̂α(η) e2piik·η dη
∣∣∣∣2 =
= djA
∑
α∈I
∫
A∗−jE
|φ̂α(η)|2 dη = djA
∫
A∗−jE
σV (η) dη .
Since
‖Pjf ‖
2 −−−−→
j→+∞
‖ f ‖2 = |E| ,
we have
lim
j→∞
1
|A∗−jE|
∫
A∗−jE
σV (ξ) dξ = lim
j→∞
djA
|E|
∫
A∗−jE
σV (ξ) dξ = 1 .
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To prove the reciprocal, we use Theorem 3.1. We obtain
⋃
j∈ZD
j
AV = H
2
G˜
, where G˜
is the A∗-invariant set defined by (4). From our hypothesis we trivially deduce G˜ ⊆ G.
We proceed by reductio ad absurdum and we suppose |G \ G˜| > 0. Note that G \ G˜ is
also an A∗-invariant set, so we know that |(G \ G˜)∩Br| > 0 for all r > 0 (see [29]). Since
V ⊆ H2
G˜
we get σV ≤ χG˜. Applying (b) one has
1 = lim
j→∞
1
|A∗−j((G \ G˜) ∩ Br)|
∫
A∗−j((G\G˜)∩Br)
σV (ξ) dξ ≤
≤ lim
j→∞
|G˜ ∩ (G \ G˜) ∩ A∗−jBr|
|(G \ G˜) ∩ A∗−jBr|
= 0 .
This proves G = G˜ and (a).
Now we present another characterization using the above introduced notions.
Theorem 3.4. Let V 6= {0} be an A-refinable shift-invariant subspace and G ⊆ Rd
an A∗-invariant set of positive measure such that Supp(σV ) ⊆ G. Then the following
conditions are equivalent:
(a)
⋃
j∈ZD
j
AV = H
2
G ;
(b) σV is (G,A
∗)-locally nonzero at the origin;
(c) the origin is a point of (G,A∗)-approximate continuity of σV if we put σV (0) = 1.
Proof. (b)⇒(a) By Theorem 3.1
⋃
j∈ZD
j
AV = H
2
G˜
for some A∗-invariant set G˜, and
from our hypothesis we have G˜ ⊆ G. For any nonnegative integer j σDj
A
V
≤ χ
G˜
, so
σDj
A
V
(ξ) ĝ(ξ) = σV (A
∗−jξ) ĝ(ξ) = 0 for any g ∈ (H2
G˜
)⊥ = H2
Rd\G˜
and almost every ξ ∈ Rd,
or equivalently
σV (ξ) ĝ(A
∗jξ) = 0 a.e. ξ ∈ Rd, ∀ j ≥ 0 .
Let r, ε > 0. Since σV is (G,A
∗)-locally nonzero at the origin, there exists a positive
integer j, dependent on r and ε such that
|{x ∈ A∗−jBr ∩G : σV (x) = 0}|
|A∗−jBr ∩G|
< ε .
Then,
|{y ∈ Br ∩G : ĝ(y) 6= 0}|
|Br ∩G|
=
|{x ∈ A∗−j(Br ∩G) : ĝ(A
∗jx) 6= 0}|
|A∗−j(Br ∩G)|
≤
≤
|{x ∈ A∗−j(Br ∩G) : σV (x) = 0}|
|A∗−j(Br ∩G)|
< ε .
As ε > 0 and r > 0 are arbitrary, we get H2
Rd\G˜
⊆ H2
Rd\G
, so G = G˜. This proves (a).
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(a)⇒(c) We will prove that for all ε, r > 0 one has
lim
j→∞
|{x ∈ A∗−j(Br ∩G) : 1− σV (x) < ε}|
|A∗−j(Br ∩G)|
= 1 .
If this is not true, there exist ε0, 0 < ε0 < 1, r0 > 0 and {jn}
∞
n=1, jn ր ∞ such that for
any positive integer n
|En| ≥ ε0 |A
∗−jn(Br0 ∩G)|, where En := {x ∈ A
∗−jn(Br0 ∩G) : 1− σV (x) > ε0} .
By Theorem 3.3
1 = lim
n→∞
1
|A∗−jn(Br0 ∩G)|
∫
A∗−jn(Br0∩G)
σV (x) dx =
= lim
n→∞
1
|A∗−jn(Br0 ∩G)|
(∫
A∗−jn (Br0∩G)\En
σV (x) dx+
∫
En
σV (x) dx
)
<
< lim
n→∞
|A∗−jn(Br0 ∩G)| − |En|+ (1− ε0) |En|
|A∗−jn(Br0 ∩G)|
= lim
n→∞
|A∗−jn(Br0 ∩G)| − ε0 |En|
|A∗−jn(Br0 ∩G)|
≤
≤ lim
n→∞
(1− ε20) |A
∗−jn(Br0 ∩G)|
|A∗−jn(Br0 ∩G)|
= 1− ε20 < 1 .
By Lemma 2.4 we have (c).
(c)⇒(b) is easy to see, since we put σV (0) = 1 6= 0.
The following characterization generalizes Theorem 1.1.
Theorem 3.5. Let V 6= {0} be an A-refinable shift-invariant subspace and G ⊆ Rd
an A∗-invariant set of positive measure such that Supp(σV ) ⊆ G. Then the following
conditions are equivalent:
(a)
⋃
j∈ZD
j
AV = H
2
G ;
(b) limj→∞ σV (A
∗−jξ) = 1 for almost every ξ ∈ G.
Proof. We have already observed that the limit limj→∞ σV (A
∗−jξ) exists for almost every
ξ ∈ Rd, and is nonnegative. Also, by Theorem 3.4 condition (a) is equivalent to the fact
that the origin is a point of (G,A∗)-approximate continuity of σV if we put σV (0) = 1.
If we suppose (a), by Lemma 2.5 there exists an increasing sequence of positive in-
tegers {jk}
∞
k=1 such that limk→∞ σV (A
∗−jkξ) = 1 for almost every ξ ∈ G. By using the
monotonicity of the sequences {σV (A
∗−jξ)}∞j=1 we arrive to (b). Reciprocally, by Lemma
2.5 (b) implies that the origin is a point of (G,A∗)-approximate continuity of σV if we
put σV (0) = 1.
Obviously the given characterizations depend on the mapA. Actually theA-refinability
also do. In [38] it is studied when a pair of self-adjoint expansive dilations give rise to
equivalent conditions of A-approximate continuity.
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4 Wavelets
The generalized multiresolution analyses and multiwavelets are very close objects. We
exploit this closeness to make some comments on the local behaviour of the Fourier
transform of the multiwavelets. From Theorem 3.4 we obtain the following result:
Proposition 4.1. Let a shift-invariant subspace W such that for some expansive
dilation A and A∗-invariant set G we have
(5) H2G =
⊕
j∈Z
DjAW .
Then the origin is a point of A∗-approximate continuity of σW if we put σW (0) = 0.
Proof. If we define
V =
⊕
j<0
DjAW
we have that the subspace V ⊥ = H2
Rd\G
⊕ (
⊕
j≥0D
j
AW ) is shift-invariant, so V is also.
Clearly Supp(σV ) ⊆ G and V is also A-refinable, since for any l ∈ Z D
l
AV =
⊕
j<lD
j
AW .
We have DAV = V ⊕W , so by Proposition 2.1
(6) σW (ξ) = σDAV (ξ)− σV (ξ) = σV (A
∗−1ξ)− σV (ξ) .
From (5) we have the completeness property for V :
⋃
j∈ZD
j
AV = H
2
G. By Theorem
3.4 the origin is a point of (G,A∗)-approximate continuity of σV if we put σV (0) = 1, so
by (6) the origin is a point of (G,A∗)-approximate continuity of σW if we put σW (0) = 0.
As W ⊆ H2G we have by Proposition 2.1 σW ≤ χG. Thus for all ε > 0
|{ξ ∈ A∗−jB1 : |σW (ξ)| ≥ ε}|
|A∗−jB1|
=
|{ξ ∈ G ∩A∗−jB1 : |σW (ξ)| ≥ ε}|
|A∗−jB1|
≤
≤
|{ξ ∈ G ∩ A∗−jB1 : |σW (ξ)| ≥ ε}|
|G ∩A∗−jB1|
−−−→
j→∞
0
By Lemma 2.4 the origin is a point of A∗-approximate continuity of the function σW if
we put σW (0) = 0.
Given a finite system Ψ = {ψα}Nα=1 in L
2(Rd), we define its associate affine system as
X(Ψ) = {ψα(j,k) = d
j
2
A ψ
α(Aj · −k) : j ∈ Z, k ∈ Zd, 1 ≤ α ≤ N} ,
and W (Ψ) = span{ψα(0,k) : k ∈ Z
d, 1 ≤ α ≤ N}. The symbol span(F) denotes the closed
linear span in L2(Rd) of the set F . Clearly W (Ψ) is shift-invariant and for any j ∈ Z
DjAW (Ψ) = span{ψ
α
(j,k) : k ∈ Z
d, 1 ≤ α ≤ N} .
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Fix an A∗-invariant set G. A system Ψ is called a tight frame multiwavelet of H2G if X(Ψ)
is a tight frame of H2G, that is
N∑
α=1
∑
j∈Z
∑
k∈Zd
| < f, ψα(j,k) > |
2 = ‖ f ‖2 ∀ f ∈ H2G ,
and it is called semiorthogonal if additionally the subspaces DjAW (Ψ) are mutually or-
thogonal. Applying Proposition 4.1 to W (Ψ) we get the following:
Theorem 4.2. If Ψ is a semiorthogonal tight frame multiwavelet of H2G then for any
1 ≤ α ≤ N the origin is a point of A∗-approximate continuity of ψ̂α if we put ψ̂α(0) = 0.
Proof. If Ψ is a semiorthogonal tight frame multiwavelet of H2G then W (Ψ) satisfy the
hypothesis of Proposition 4.1, so the origin is a point of A∗-approximate continuity of
σW if we put σW (0) = 0. Since Ψ is semiorthogonal it is clear that Ψ is a tight frame
generator of W (Ψ), so
σW (Ψ)(ξ) =
N∑
α=1
|ψ̂α(ξ)|2 .
Then for any 1 ≤ α ≤ N and ε > 0 we have
|{ξ ∈ A∗−jB1 : |ψ̂α(ξ)| ≥ ε}|
|A∗−jB1|
≤
|{ξ ∈ A∗−jB1 : |σW (ξ)| ≥ ε
2}|
|A∗−jB1|
−−−→
j→∞
0 ,
so by Lemma 2.4 the origin is a point of A∗-approximate continuity of ψ̂α if we put
ψ̂α(0) = 0.
The system Ψ is called an orthogonal multiwavelet of H2G if X(Ψ) is an orthonormal
basis ofH2G. Note that in this case actually Ψ is a semiorthogonal tight frame multiwavelet,
so the following result holds:
Theorem 4.3. If Ψ is an orthogonal multiwavelet of H2G then for any 1 ≤ α ≤ N the
origin is a point of A∗-approximate continuity of ψ̂α if we put ψ̂α(0) = 0.
To the best of our knowledge this results are new even for orthonormal wavelets in
the one dimensional case with dyadic dilations. Note that in [7] was shown an example
(example 5.6) of a dyadic wavelet with essentially unbounded wavelet dimension function
whose associated core space V can not be finitely generated. Preceding results on the
so called cancellation or oscillation property of wavelets, namely
∫
R
ψ(x) dx = 0 (when
ψ ∈ L1(R)), can be found in [3], [36], [18], [27], [42]. In [8] can be found also some results
on the behaviour of the Fourier transform of wavelets at the origin in some cases.
Note that the last two theorems still hold for the case of wavelets of infinite order.
That is, suppose that Ψ = {ψα}∞α=1 is a sequence in L
2(Rd) such that the system
X(Ψ) = {ψα(j,k) : j ∈ Z, k ∈ Z
d, α = 1, 2, . . .}
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is a semiorthogonal tight frame of H2G. This means that we have
∞∑
α=1
∑
j∈Z
∑
k∈Zd
| < f, ψα(j,k) > |
2 = ‖ f ‖2 ∀ f ∈ H2G
and < ψα(j,k), ψ
β
(l,m) >= 0 whenever j 6= l. Then for any α = 1, 2, . . . the origin is a point
of A∗-approximate continuity of ψ̂α if we put ψ̂α(0) = 0.
5 Conclusions
Consider an expansive dilation A and an A-reducing space H2G induced by an A
∗-invariant
set of positive measure. In the following Theorem we summarize the results in section 3.
It provides several conditions on the local behaviour at the origin of the spectral function
of an A-refinable shift-invariant subspace V in order to satisfy the so called completeness
property
⋃
j∈ZD
j
AV = H
2
G.
Theorem 5.1. Let V 6= {0} be an A-refinable shift-invariant subspace and G ⊆ Rd
an A∗-set of positive measure such that Supp(σV ) ⊆ G. Then the following conditions are
equivalent:
-
⋃
j∈ZD
j
AV = H
2
G ;
- if G generates V in the sense that the linear span of the shifts of G is dense in V , then⋃
φ∈G
⋃
j∈ZA
∗j(Supp(φ̂)) = G;
- for any bounded E ⊆ G of positive measure
lim
j→∞
1
|A∗−jE|
∫
A∗−jE
σV (ξ) dξ = 1 ;
- the set Supp(σV ) is A
∗−1-absorbing in G;
- limj→∞ σV (A
∗−jξ) > 0 for almost every ξ ∈ G;
- limj→∞ σV (A
∗−jξ) = 1 for almost every ξ ∈ G;
- σV is (G,A
∗)-locally nonzero at the origin;
- the origin is a point of (G,A∗)-approximate continuity of σV if we put σV (0) = 1.
We have also shown that these characterizations have consequences for the local be-
haviour at the origin of the Fourier transforms of wavelet functions. Concretely, in The-
orem 4.2 it has been proved that if Ψ = {ψα}Nα=1 is a semiorthogonal tight frame mul-
tiwavelet of H2G, then the origin is a point of A
∗-approximate continuity of ψ̂α for any
1 ≤ α ≤ N , if we put ψ̂α(0) = 0. This generalizes previous results on the so called
cancellation or oscillation property of wavelets (see section 4).
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